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Abstract. In this paper we presented analysis equilibrium point of mathematical 
model tumor growth use non-dimensional technique. This technique is useful to 
simply equation that complicated as a mathematical model that present in this 
paper. This mathematical model describes the effect of tumor infiltrating 
lymphocytes (TIL) and interleukin-2 (IL-2) on the dynamics of tumor cells. The 
steps of this technique are presented. With this technique we can be to determine 
more accurately the equilibria of our system which form nonlinear dynamics of 
system ordinary differential equation that coupled. 
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1. Introduction 
 
There are many models of mathematical tumor growth that formulated in 
couple of system ordinary differential equations [1, 2, 3, 4, 6, 7, 8, and 11]. All of  
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these equations in the form nonlinear dynamics, so that to solve these equations 
necessary numerical method. In this paper we present our mathematical model as 
previous work [5, 9 and 10]. This model is also described in the form nonlinear 
dynamics of system ordinary differential equation that coupled. Moreover, many 
variable and units that use in this equation. Therefore, we need specific technique 
to solve equations like this. One of the techniques to partial or full removal of unit 
from an equation is non-dimensional. Non-dimensional is substitution of suitable 
variables for partial or full removal of the unit from an equation in involving 
physical quantities.   
 
 
2. Mathematical Model 
 
The mathematical model is a system of ordinary differential equations 
(ODEs) whose state variables are populations of tumor cells based on previous 
work [9] as follows: 
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Table 1:  Variables and their associated units 
Variable Units Description 
t day Time 
T cell Population tumor cells 
N cell Population NK cells 
L cell Population CD8+T cells 
C cell Population circulating lymphocyte cells 
D day
-1
 Interaction tumor and CD8+T cells 
 
3. Result and Discussion  
 
3.1. Non-dimensional system 
 
Based on the variables present in Table 1 to non-dimensionalized variable t, we 
would necessary to multiply it with some combination of constants that has units  
Mathematical model of tumor growth                                                                  93 
 
 
of  . From equations (1)–(5) we obtain that the following combinations have 
units of : 
a, cb, d, e, f, g, etc 
Any one of these would be absolutely correct choices. The main reason we select 
one over the other is because we hope to be able to factor out similar term in the 
end. For this problem, we decide to use: 
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as the non-dimensional variables. 
Substitution these variables in the equation (1)-(5) we obtained: 
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Based on the equation (6)-(10), we obtained a new set of non-dimensional 
variables of T
~
, N
~
, L
~
, C
~
, and D
~
 as follow:  
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Substitute these variables in the equation (6)-(10) we obtained: 
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To determine a new set of non-dimensional constants from the equation (11)-(15) 
as follows: 
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Substitute these constants in equation (11)-(15) we obtained simple system 
equations: 
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By dropping the embellishment and star for notational clarity in equations (16)-
(20), the non-dimensionalized system is given by: 
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These system equations have a similar term with initial equations (1)-(5), yet 
these system equations have one less constants or more simple to analysis. 
 
3.2.  Determination of equilibria 
In order to examine the behavior of these cell populations according to our model, 
we note first that equation (24) decouples from equations (21) through (23), so 
that we reduce the system down to three equations by allowing the number of 
circulating lymphocytes in the body remain to constant at its equilibrium: 

1
C  (26) 
Since the differential equation for circulating lymphocytes is independent of the 
other cell populations, this is its only stable state. Thus, this leaves system 
equations (21) through (23), which we set simultaneously equal to zero to obtain 
their equilibria. By setting the derivatives in each of these equations to zeros, the 
equilibrium point T, N and L can be found as follows: 
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Equation (27) has one zero at the “tumor-free” equilibrium at 0T , and possibly 
several non-zero tumor equilibria. Let the change in tumor population be set to 
zero by forcing T = 0. Then substitute T = 0 and 

1
C  to equation (28) and (29). 
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We are only interested in equilibria that real and positive, since these problems are 
a biological system.  
Then tumor free equilibrium exists when: 
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In the case where 0T , the determined are still determine by finding the 
simultaneous of solutions (27) through (29), but in this case value must be 
determine numerically.  
(a) (b) 
 
 
 
 
 
 
 
 
 
 
 
Figure 1. Plot variable T and variable L. (a) Equation (29). (b) Equation (31) 
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Figure 2. Intersection equations (29) and (31) in non-dimensional system. 
 
Stage to found these solutions as follows: 
Solving for N yields in equation (28) for determine solution 0T  in equation 
(27) 
TcND 1  (30) 
 
Using this expression in equation (25) gives an expression for L: 
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Finally, Equilibrium points of the system (21) through (25) are found by 
intersecting equations (29) and (31). These solutions are shown in Figure 1. 
 
From Figure 2 obtained equilibrium points for ET and EL  as follows: 
06418.0,5641.0, EE LT   and  02096.0,9875.0, EE LT  
These values substitutes in equations (27) and (28) found equilibrium points in the 
case 0T  as follows:    9167.35,06418.0,0082.0,5641.0,,, EEEE CLNT  and 
   9167.35,02096.0,0047.0,9875.0,,, EEEE CLNT . 
 
 
4. Conclusion 
 
There are times when numerically integrating a given equation might take longer 
due to the sizes of some of the constants presented in [5]. This can be simplified 
significantly by reducing what seems like a completely different system to the 
system is essentially governed by the same rules of motion. While non-
dimensional might seem like a lot of work for very little gain, it is actually a very 
useful tool. Likewise, if we can find a constant with units of   , then the 
numerical equation can be solved in much less time, and is also less prone to 
instability. In this research we find the constant of time with units of   is  
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differential equation non-dimensional can be used for more accurate determines 
the equilibria of our system which form nonlinear dynamics of system ordinary 
differential equation that coupled. We obtained three equilibrium points in this 
research that only found two in the previous work [5]. For tumor free equilibrium 
in case T=0 we obtained one equilibrium point is   .
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Then for tumor high equilibrium in case 0T  we obtained two equilibrium point 
as picture in Figure 2. 
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